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Abstract. We study the category T gT of graded representations with finite-dimensional 
graded pieces for the current algebra g ® C[t] where g is a simple Lie algebra. This cat- 
egory has many similarities with the category O of modules for g and in this paper, we 
formulate and study an analogue of the famous BGG duality. We recall the definition of the 
projective and simple objects in X gr which are indexed by dominant integral weights. The 
role of the Verma modules is played by a family of modules called the global Weyl modules. 
We show that in the case when g is of type sh, the projective module admits a flag in which 
the successive quotients are finite direct sums of global Weyl modules. The multiplicity with 
which a particular Weyl module occurs in the flag is determined by the multiplicity of a 
Jordan-Holder series for a closely associated family of modules, called the local Weyl mod- 
ules. We conjecture that the result remains true for arbitrary simple Lie algebras. We also 
prove some combinatorial product-sum identities involving Kostka polynomials which arise 
as a consequence of our theorem. 



Introduction 

The category Zq of level zero representations and its full subcategory Tj, n of finite dimen- 
sional representations of affine and quantum affine algebras have been extensively studied in 
recent years. The simple objects in these categories were classified in jS], [12] . [6]. In the 
case of affine Lie algebras, it was relatively easy to describe these simple objects [13] . In fact 
the classification of simple objects has been extended recently to the case of equivariant map 
algebras [25]. [27], 

The irreducible objects in the quantum situation, however, have proved to be very difficult 
to understand and an extensive list of references can be found in [7J . One method used to study 
the simple objects in the quantum case is to understand the q = 1 limit of these representations, 
in which case they become indecomposable and generally reducible representations of the affine 
Lie algebra. In fact, in many situations, they remain indecomposable as representations of the 
maximal parabolic subalgebra of the affine algebra: namely of the Lie algebra g[t] of polynomial 
maps from C — > fj, where g is the underlying simple Lie algebra. 

The current paper was motivated by an attempt to analyze the categories Iq and Ifi n by 
understanding its homological properties and to see if one could apply the theory of highest 
weight categories of [16] . We were also motivated by the classical Bernstein-Gelfand-Gelfand 
(BGG) result of [3]; a more recent exposition can be found in |21| . To do this one needs an 
interval-finite poset which indexes three families of suitably related objects in the category: the 
simple objects, projective covers of the simple objects and the standard modules. The problem 
in our case, however, is that the categories Iq and Ifi n do not have enough projectives and 
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the irreducible objects are indexed by continuous parameters. However, in [H] a family of 
discretely indexed modules called the global Weyl modules were defined and they appeared to 
be a natural candidate for the standard modules. More evidence that the global Weyl modules 
were the correct objects was provided in the paper [2], where the homomorphisms between 
global Weyl modules were studied. It became natural then, to look for suitable subcategories of 
Xq in which one could develop the theory of highest weight categories. Thus, in [6] it was seen 
that the category X gr whose objects are Z-graded g[i] representations, with finite-dimensional 
graded components and graded morphisms had many nice properties. The simple objects in 
the category are indexed by a discrete set and have projective covers. Moreover, the global 
Weyl modules lie in X gr , as does a distinguished family of quotients of these modules, the 
so-called graded local Weyl modules. There are a number of reasons for preferring to work 
with the current algebra rather than the loop algebra; one of them, certainly, is the fact that 
there are no graded local Weyl modules in the case of the loop algebra. However, some of the 
results of this paper should also be true for the loop algebra. 

We describe our results in some detail. If P + denotes the set of dominant integral weights 
of g and Z denotes the ring of integers, then it is easily seen [6] that the isomorphism classes of 
simple objects of I gT are indexed by P + x Z. For (A, r) £ P + x Z, the simple object V(X, r) of 
2g r is given in a natural way by fixing the irreducible finite-dimensional g-module V(A) to lie in 
grade r and assigning the appropriate g (g) C[t] -module structure. The projective cover P(A, r) 
of V(A, r) is defined canonically by a standard construction of relative homological algebra, 
and the global Weyl module W(A,r) is then seen to be a truncation of P(X,r) obtained by 
requiring the set of g-weights of W(X, r) to lie in the cone below A. We define the notion of 
a Weyl flag for an object M of I gT in an obvious way: namely, it is a descending filtration of 
submodules of M, in which the successive quotients are isomorphic to global Weyl modules. 
We show that the multiplicity with which a given Weyl module appears, is independent of the 
Weyl flag. 

Our main result is that when g is of type s^, the object P(A,r) admits a Weyl flag. To 
formulate a BGG-type duality, one needs to show that the graded multiplicity of W(fi,s) is 
the same as the Jordan-Holder multiplicities V(A,r) in W(n, s). But here one runs into a 
problem since the global Weyl modules are of infinite length. Our key observation is that 
this problem can be avoided if one works instead with the corresponding graded local Weyl 
module, which is finite-dimensional and hence has a Jordan-Holder series. This allows us to 
state and prove the correct analog of the BGG reciprocity between the Weyl filtration of the 
projective modules and the Jordan-Holder series of the graded local Weyl module. 

We now explain the organization and structure of the paper. Section Q] introduces the 
notation and basic results, together with some general constructions. In Section O we define 
the principal objects of study for arbitrary simple Lie algebras and state the main result of the 
paper for 5(2- We also give a natural conjecture for the general case. Section [3] is devoted to 
recalling necessary results on local and global Weyl modules from [9], [TJ], [18], [26]. We also 
recall the formulae of the graded characters of the local Weyl modules from [9] , [26] and deduce 
the graded character of the global Weyl modules. As an application of our main theorem, we 
then deduce an interesting combinatorial identity (see Section 13. lip given in terms of the 
Kostka polynomials and compute the graded g-character of the universal enveloping algebra 
of g (8> fC[i]. Section H] simultaneously provides non-trivial examples of modules admitting a 



BGG RECIPROCITY FOR CURRENT ALGEBRAS 



3 



Weyl flag for an arbitrary simple Lie algebra and also offers some evidence for our conjecture. 
The last two sections of the paper are devoted to proving the main theorem. 

We conclude the introduction with the following remarks. Once BGG-duality is established 
in X gr , one can then naturally find full subcategories which are highest weight. These ideas will 
be explored further in a future publication. It would also be interesting to see to what extent 
the results of this paper could be generalized to equivariant map algebras. The corresponding 
Weyl modules have been studied in the untwisted cases in [15] and also in [T7] in the twisted 
case. 

Acknowledgements. We thank Jacob Greenstein, Sergey Loktev and David Rush for helpful 
discussions. It is a pleasure for the second and third authors to thank the organizers for their 
invitation to participate in the trimester "On the interactions of Representation theory with 
Geometry and Combinatorics," at the Hausdorff Institute, Bonn, 2011. 

1. Preliminaries 

We establish the notation to be used in the rest of the paper and recall some standard 
results. 

1.1. Throughout this paper we let C be the field of complex numbers and Z (resp. Z+, 
N) the set of integers (resp. nonnegative, positive integers). Given a Z-graded complex vector 
space V = ©sez^[s] with dimV[s] < oo for all s € Z, let 

M(V) = J^dimV>]u* E C[[u,« -1 ]], 

s£Z 

be the Hilbert series in an indeterminate u. 

For a Lie algebra o, we denote by U(o) the universal enveloping algebra of a. If b and c 
are subalgebras of a, with o = b © c as vector spaces, then we have an isomorphism of vector 
spaces 

U(a) U(b) ® U(c). 

The assignment oh > a® 1 + 1® a, for a € a, defines a Hopf algebra structure on U(a) and we 
let U(a)+ be the augmentation ideal of U(o). We say that o is a Z-graded Lie algebra if 

a = a[s] , [a[r] , a[s]] C a[r + s] , r, s € Z, 

and in this case the algebra U(o) inherits a Z-grading. 

For the rest of the paper we will drop the dependence on Z, in other words when we refer to 
a graded vector space or graded Lie algebra and so on, we will mean a Z-graded vector space, 
Lie algebra etc. 

A graded module for a graded Lie algebra a is a graded complex vector space V = (Bsez 
which admits a left action of a which is compatible with the grading, i.e, (ft[r])V[s] C V[s + r] 
for all s, r € Z. Given two graded modules V, W for a we say that a map 7r : V — > W is a map 
of graded a-modules if it is a map of o-modules and 7rV[r] C W[r] for all r € Z. 

We shall be interested in graded Lie algebras which are obtained as follows: given a complex 
Lie algebra b and an indeterminate t, let b[t] = b <g) C[t] be the Lie algebra with commutator 
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given by, 

[a®f,b®g] = [a,b]®fg, a,b£b, f,g,eC[t]. 

We identify without further comment the Lie algebra b with the subalgebra b <8> 1 of b[t]. 
Clearly, b[t] has a natural Z-grading given by the powers of t and this also induces a Z- 
grading on U(b[i]). Moreover, if dimb < oo, then dimU(b ®tC[t])[r] < oo for all r G Z. 
Notice that 

U(b[t])[s] = 0, s<0, U(b[t])[0] = U(b). 

1.2. From now on, g will denote a finite-dimensional, simple Lie algebra of rank n over 
the complex numbers, f) a fixed Cartan subalgebra of g and R the set of roots of g with respect 
to f). Set I = {1, ■ ■ ■ ,n} and choose {c^ : i G 1} a set of simple roots for i? and {wj : i 6 /} 
a set of fundamental weights. Let Q (resp. Q + ) be the integer span (resp. the nonnegative 
integer span) of {c^ : i G 1} and similarly define P (resp. P + ) be the Z (resp. Z+) span 
of {wj : z € J}. Define a partial order on F)* so that, given A,/u G f)*, we say that A > /x iff 

A-/i g Q+. 

Set i? + = i? fl Q + and for a G R + let g Q be the corresponding root space of g and set 
n ± = © Q6 #+ 5±«- Fix non-zero elements x„ G g± a , /i Q G f) such that 

[h a , i a ] = zb2x a , [x Q , x a ] = /i a , 
and for i £ I, we also write x^ 1 , /ij for x^ 1 . , We have, 

3 = n ~ef)en + , U(g) =U(n")8U(f))®U(n + ). 
Moreover, the adjoint action of f) on g induces a decomposition, 

U(fl) = U(g)„ U(n±) = UCn^, 

where U(fl), = {je U(g) : [h, g] = r](h)g, h G h}, and U^), = U(fl), n U(n±). 
We also have 

fl [t] = n -[t] © f)[t] ©n + [i], U(g[t]) = U(n"[i]) ®U(f>[t]) ®U(n+[t]). 

The adjoint action of fj on g[i] is diagonalizable and for 77 G Q the subspaces U(g[i]),j etc. are 
defined in the obvious way. Moreover these subspaces are graded and we have 

U( 9 [J]),[r]=U( 8 [i]),nU(g[t])[r]. 

1.3. For any g-module M and [J, G (j*, set 

= {m G M : /i.m = fj,(h)m, h G h}. 
We say that M is a weight module for g if 

M = M ^ 

net)* 

and set wt(M) = {//£()* : 7^ 0} and for v G we set wtv = fi. Any finite-dimensional 
g-module is a weight module. It is well-known that the set of isomorphism classes of irreducible 
finite-dimensional g-modules is in bijective correspondence with P + . For A G P + we denote 
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by V(A) the representative of the corresponding isomorphism class, which is generated by a 
vector v\ with defining relations 

n+.t;A = 0, h.vx = X{h)v x , (x~) x ^ +1 .v x = 0, hef), i G I. 

Moreover wt V(A) C A — Q + C P. The module V(0) is the trivial module for q and we shall 
write it as C. 

If M is a finite-dimensional g— module, we denote by \M : V(/x)] the multiplicity of V((jl) in 
a Jordan-Holder series for M. The character of M is the element of the integral group ring 
Z[P] given by, 

ch B M = ^2 dime M M e(//), 

where e(/i) G Z[P] is the generator of the group ring corresponding to /i. The following is 
standard. 

Lemma. XTie characters {ch V(//) : /U G -P + } are a linearly independent subset of r L\P\. □ 

We say that M is locally finite-dimensional if it is a direct sum of finite-dimensional modules 
for 0, in which case M is necessarily a weight module. Using Weyl's theorem one knows that 
a locally finite-dimensional 0-module M is isomorphic to a direct sum of V(A), A G P + and 
hence in particular, wt M C P. Set 

M n+ = {m G M : n+m = 0, } Aif = M n+ n M A ^ Hom g (y(A), M). (1.1) 

We have 

M A = (n~M n M\) ®Mf, M = U( 5 )Mf , 

AGP+ 

or equivalently, the isotypical component of M corresponding to A G P + is the g-submodule 
generated by M" + . 

1.4. Let X gr be the category whose objects are graded g[t]-modules V with finite dimen- 
sional graded pieces and where the morphisms are (degree zero) maps of graded g[t]-modules. 
Clearly 

gV[r] C V[r], r G Z. 

For any r G Z we let r r be the grading shift operator. Clearly X gr is closed under taking 
submodules, quotients and finite direct sums. Given V, W G ObX gr , the tensor product V® W 
is naturally graded by setting 

(V®W)[k] =0V[r]®W[fc-r]. 

However the graded components are no longer finite-dimensional and hence I gT is not closed 
under taking tensor products. However, we do have 

Lemma. Suppose that V, W G ObX gr are such that V[r] = W[r] = for all but finitely many 
r < (resp. r > 0). Then V ® W G ObX gr . □ 

In the course of this paper we shall only be considering tensor products of objects which 
satisfy the conditions of the lemma and we shall just use the lemma without comment. 
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1.5. The graded character of V G ObX gr is the element of the ring Z[P][[it, W 1 ]] given by 

The following is straightforward. 

Lemma. Let V G ObZ gr and fj, G P + . Then 

In particular, 

ch gr v= ch y(^)H(y; + ). (1.2) 

□ 

1.6. Given any subset V of P + , let Z gr be the full subcategory of I gr consisting of objects 
V such that wt V C F — Q + and if F = {A}, then set Z gr = X gr . Again lj r is closed under 
taking submodules, quotients and finite direct sums. For V G ObZ gr , set 

FV= U (SW)^> V T = V/FV. (1.3) 

/^r-Q+ 

Then V r is the maximal quotient of V that lies in I gv . If 7r : V — > U is a morphism of objects 
in Z gr , then 7r(ry) C tt(FU) and we have an induced morphism 7r r : V T — >• C/ r and hence we 
have a functor from 2g r — > Z gr . In the case that F = {A}, we shall write V r = V x . 

Proposition. For all F' C F and V G ObI gr we have an isomorphism of objects in I gT , 

V T ' ^ (V T ) r ', F'V r ^ F'V/FV. 

Proof. Let <pr ■ V — > V v and <p^i : V — > V v ' be the canonical maps of £i[i]-modules. Since 
FV C F'V we have a natural induced map </?r,r' : ^ r — > V r such that ipr^'-fr = ¥T'- We 
first prove that ker (fr,r' = r'V^ r which establishes the first isomorphism of the proposition. 
Thus if v G V r is such that ipr,v = 0, there exists u G V such that 

(pr(u) = v, (p r >(u) = 0, 

in other words u G T'V. Since ipr(F'V) C r'l/ r we see that ker</?r,r' C r'l/ r . For the reverse 
inclusion notice that 

wt V r ' CF' -Q + => 99r ir /(rV r ) = 0. 

We now prove the second isomorphism. As we have seen above, the restriction of ip-p to F'V 
induces a homomorphism tp : F'V — > F'V r and since kenp = ker^r we get an injective map 
F'V/FV -»• TV r . We prove now that ip is surjective which clearly completes the proof. Thus, 
let v G F'V r and write 

e 

v = y~]g a Vs, v s G (V^) fla , fi s ^F'-Q + . 

8=1 
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Choose elements u s € V^ s such that (pr(u s ) = v s and set u = Yll=i 9sU s - Clearly u 6 T'V and 
(fr(u) = v as required. □ 

2. The Main Result 

In this section we recall the definitions of the main objects of study: the simple modules, 
the indecomposable projective covers of simple modules and the Weyl modules. Our main 
result is the relation between these three families of modules. 

2.1. Let evo : g[t] — > q be the homomorphism of Lie algebras evo(x <8> /) = f(0)x. The 
kernel of this map is a graded ideal in g [t] and hence the pull-back evQ V of a 0— module V is an 
object of X gr . Set r r evjj V(A) = V(A, r) and we let vx, r G V(X, r) be the element corresponding 
to V\. 

The following is straightforward, [6j Proposition 1.3] and classifies the irreducible modules 
in Z gr . 

Lemma. A simple object ofX gI is isomorphic to V(fi, r) for a unique choice of (//, r) G P + x Z. 
The simple objects of are the V([i,r), with (/i,r) E P + x Z, fj, < A. T/ie graded character 
ofV(X,r) is c\V(X)u r . □ 

2.2. For // € P + set 

P( M> 0) = U(fl[t]) ® u(e) r) = r r P(M, 0), 

and let p Mi7 . G P(/i, r) be the image under r r of the element 1 <S> v^. Note that 

P(ji,r)[r]^ a V(ji), P(n,r)[s] = 0, s < r. 

The following proposition was proved in [6j Proposition 2.1] for P(/x,r). 

Proposition. Given (A, r) € P + x Z we /icwe £/iaf P(A, r) is an indecomposable projective 
object in I gr . It is generated as a g[t]-module by p\^ r with defining relations 

n + .pA,r = 0, h.p X ,r = X(h)p X ,r, {x~) X ^ )+1 .p X ,r = 0, forh£t),ieI. 

Moreover, considering P(A, r)[r] as a g- module, we have 

[P(X,r)[r] :V(X,r)] = l, 

and hence V(X,r) is the unique irreducible quotient of P(A,r) and P(A,r) is its projective 
cover in l gT . □ 

The following is immediate. 
Corollary. For (A, r) E P + x Z and T C P + , £/ie object P(A, r) r is projective in I gv . □ 

The graded character of the projective module is given in terms of tensor products of 
the symmetric powers of the adjoint representation of g, [U Proposition 2.1]. One of the 
applications of the results proved or conjectured in the current paper is a much more explicit 
description of this character and this is discussed in the next section. 
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2.3. For A G P + and r G Z, the graded global Weyl module W(X,r) is denned by 

W(X,r) = P(X,r) x 

and we denote the image of p\ tr by w\, r - The following result proved in (TSj Proposition 3.3] 
makes the connection with the original definition of the global Weyl modules given in [T3] . 

Lemma. The global Weyl module W(A, r) is indecomposable, and is generated as a g[t]-module 
by w\^ r with defining relations 

n + [t].w x , r = 0, h.u>x, r = X(h)w x , r , (x~) x< - h ^ +1 .w x , r = 0, for h G f), i G I . 
Moreover, 

wtW(A.r) C A-Q+ [W(X,r)[r] : V(X)} = 1, 
and V(A,r) is £/ie unique irreducible quotient ofW(X,r). 

□ 

2.4. The graded characters of the global Weyl modules are known and we shall review 
this in the next section. The following trivial consequence of Lemma 12.31 is used repeatedly. 
For \i £ P + and r 6 Z, we have, 

chgr W(X, r) - ch V(X)u r G u r+1 Z[P][[u,u -1 ]]. (2.1) 

Lemma. Considered as elements of C[P][[u, u" 1 ]], the characters of the global Weyl modules 
are linearly independent over C. 

Proof. Suppose that we have 

m 

^ a e ch gr W(Xi, r t ) = 0, X s / X e if r s = r t . 

i=i 

Assume without loss of generality that n is minimal, in which case we have 

m 

J]a,ch gr W(A,,r,) - u ri ^ a,ch g y(A,) G n ri+1 C[P] [[«, u" 1 ]]. 

£=1 {I : r e =n} 

It follows that 

a e c\(V(X t )) = 0, 

{t ■ r e =ri} 

and hence, applying Lemma 11.31 we see that a\ = 0. An obvious iteration of this argument 
completes the proof. 

□ 

2.5. We need one final family of modules in X gr and these are the graded local Weyl 
modules. The module W\ oc {X, r) is the quotient of W(X, r) defined by imposing the additional 
graded relations, 

(h ® t s )w x , r = 0, s > 0. 
The following was proved in |141 Theorem 1], although the notation used there is slightly 
different. The notation used in the current paper is closer to the one in [10] . 

Proposition. For all X G P + and r G Z, the module W\ oc (X,r) is finite-dimensional. □ 
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By Lemma [2. II it follows that the irreducible constituents are of the form V(fi, s) for (/i, s) G 
P + x Z and we let [VFi oc (A, r) : V(fi, s)] be the the multiplicity of V(/j,, s) in the Jordan-Holder 
series in W\ oc (X,r). These multiplicities are known, see [9] for sl r +i and [26] for the general 
case and we shall give the precise statement later. 

2.6. We now state our main result which connects all the modules discussed so far. We 
assume that q = 5I2 and we set xf = and h\ = h, a.\ = a and uj\ = u>. 

Theorem 1. Let (muj,r) G P + x Z. There exists a decreasing family Pj. D P k +i, k G Z + of 
objects of X gr such that 

P = P(mu;,r), f] P k = {0} 
fc>0 

and 

Pk/Pk+i = W((m + 2k)u, S )©"KM (2.2) 

where n(m,k,s) = [W\ oc ((m + 2k)oj, r) : V(moj,s)]. Moreover, 

ch gr P(muj, r) = n(m, k, s) ch gr W((m + 2k)u), s). (2-3) 

k,s£Z 

2.7. In general we have the following conjecture. 

Conjecture. Let q be a finite-dimensional simple complex Lie algebra and let A G P + . There 
exists a decreasing family P k D Pk+i, k G Z + of objects of Z gr such that 

P = P(X,r), f]P k = {0} 

k>0 

and 

P k /P k+1 = W(ji k , s k ) ch gr P(X, r) = ^2 W(fx k , s k ), (2.4) 

fc>0 

and for all (/i, s) G -P + x Z we have, 

: <ji k ,8 k ) = (ji,s)} = [Wioc(M,r) : V(A,s)]. 

2.8. The statement of the theorem has two parts. The first part is that P(mu, r) has a 
decreasing filtration such that (|2.2p is satisfied. The second part is that the graded character 
is then given by (|2.3p and for this, it is useful to introduce the following natural definition. 

Definition. Given M G ObZ gr a Weyl flag TM of M is a decreasing family M k D M^ +1 , 
k G Z + of objects of X gr such that 

M = M, P| M fc = {0}, M k /M k+1 H/(^ fc , r fc ), 

fc>0 

where ([i k ,r k ) G P + x Z. Let 

[J-M : W(//,r)] = G Z + : M fe /M fc+1 Wfo,r)}. 

□ 



10 MATTHEW BENNETT, VYJAYANTHI CHARI AND NATHAN MANNING 

At this stage the only example of modules (for an arbitrary simple Lie algebra) with a 
Weyl flag are the global Weyl modules themselves. Notice that in this language, Theorem 12.61 
asserts that the projective modules P(mw, r) for 5I2 admit a Weyl flag. In Section 4 we give 
examples of modules admitting a Weyl flag for arbitrary simple Lie algebras. These examples 
also provide some evidence for our general conjecture. 

2.9. The following proposition, together with Lemma 12.41 shows that the multiplicity of 
W(n, r) in a Weyl flag of M S ObX gr is independent of the choice of the flag. It also establishes 



Proposition. Let TM = {M^^q be a Weyl flag of M € X gr . 

(i) Given s E Z there exist at most finitely many k such that Mk[s] 7^ 0. 
(ii) 

ch gr M = \™ '■ r )l C V r ) 

(A*,r)gP+xZ 

Proof. Since dim M[s] < 00 and Afjt[s] 2 Mfc + i[s] we see that there must exist r such that 
M r [s] = M p [s] for all p> r. The condition that f\gz + = {0} now gives (i). 

For (ii), the induced filtration 

M[s] D Mi[s] D ■■■M r [s] 2 {0}, 

is finite for all s € Z, and hence it follows that 

ch M[s] = ^2 ch. g W(jJ,k,s k )[s], 
kez+ 

which completes the proof of the proposition. □ 
Corollary. If JF\M and T%M are two Weyl flags of M € ObI gr then 

[FiM : W(X,r)] = [F 2 M : W(X,r)], (A,r) € P + x Z, 
and we denote this common multiplicity by [M : W(X,r)]. 

Proof This follows from part (ii) of the proposition, together with Lemma 12.41 □ 
2.10. As a consequence of Lemma 12.3} we see the following: for T C P + , we have 

W(X,rf = l W ^ X l T - Q+ : (2.5) 
V J [0, X<£T-Q+. V ; 

It is obvious that if M has a Weyl flag and M € Xg r , then M r and M r /M r+ i are in for all 
r G Z + ; in other words, M has a Weyl flag in Xg r . We shall also be interested in showing that 
the module P(n, s) T admits a Weyl flag. As a first step we note the following result. 

Lemma. Let V be a finite subset of P + and assume that 

fx, v £ r =^> fi ^ v and v ^ fi. 

Then for all M £ ObIg r and v € T, we have 

n + [t]M u = 0. (2.6) 
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Moreover for all (/i, r) € T x Z, £/ie modules W(p,,r) are projective objects ofX^ r . 

Proof. For all a £ i? + and /i £ T we have ^ + a > ^ and hence /i + a ^ T, which proves 
(1231) . It follows from ([231) tnat for a11 /" € T, we have W(fi,r) € Obl^. Suppose now that 
we have a surjective map tt : M —> N, where M,N € ObZj r and let ip : W(fi, r) — ?■ Af be a 
non-zero map of g[t]-modules, in particular this implies that ip(w^ tr ) ^ 0. Since ir is a map 
of g-modules it follows that we can choose u € M«[r] such that ir(u) = (^(w ftr ). The defining 
relations of the global Weyl modules and Equation (|2.6p imply that the assignment w^r i— >■ u 
defines a homomorphism ^ : W(/x,r) -> tf of g[t]-modules such that 7T.-0 = ip thus proving 
that W([i, r) is a projective object of X^ r . 

□ 



3. Characters 



In this section we gather some of the necessary results on global and local Weyl modules for 
arbitrary simple Lie algebras. We explain what is known about the characters of these modules 
and state some natural identities which are a consequence of the conjecture and theorem. A 
crucial step in understanding the modules W(X,r) is to determine the annihilator in U(h[t]) 
of the element w\^ r and we deal with this in the first part of this section. 

3.1. We use freely the notation and definitions of the earlier sections. In addition, given 
k € Z_|_ let Aj~ be the polynomial ring in k variables with a Z-grading given in the standard 
way, by setting all the generators to have grade one. The graded component A^s] is just the 
space homogenous polynomials of degree s. Let S/% be the symmetric group on k letters and 
consider the natural graded action of on A^ defined by permuting the variables. Clearly 
A^s] is a Sfc-submodule of A^ for all s 6 Z. 

3.2. Given A G P + , where A = Y17=i r * w * with Y17=i r * = r ^> we denote by S\ the Young 
subg roup Sf-^ x ••• x S Tn of S rx . The corresponding graded ring of invariants A~* will be 
denoted as A^. It is well-known that A\ is again a polynomial ring in r\ variables with 
Hilbert series 

n 1 
H(Aa) = j[[ {l _ u){l _ u 2 ) ... {l _ u ny 

In what follows, we shall regard A rx as the polynomial ring in the variables tj a , 1 < i < n, 
1 < s < Ti. We shall also use the fact that A\ is the subalgebra of A rx generated by the 
elements {(t^ + • ■ ■ + *? rj ) : 1 < i < n, p£ Z+}. 

3.3. For A = J^iei r i u i G P+ set 

Annu(f, M ) «j A , r = {u e U(f)[t]) : uwx, r = 0}. 

It is clear that 

Arm u(hW) w \r = Ann u( ^ t ]) w x ,o- 
The following result was established in [T5] in a different form, in the current language this 
can be found in |15^ Lemma 8]. 
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Proposition. The algebra homomorphism U(f)[i]) — > A\ defined by sending 

induces an isomorphism of graded algebras 

symm : U(f)[i])/ Ann u([ ,[ t ]) w A , r = A A . 

□ 

3.4. The following is straightforward but we include a proof for the reader's convenience. 

Lemma. Let V € ObX gr be such that wtV C A — Q + and assume that V\ ^ 0. Then 
Annu(()[t]) w \,rV\ = 0. /n particular, V\ admits the structure of a right A\-module given by 

vsl = hv, v G V\, he U(f)[i]), a = symm(h). 

Proof. Observe that n + [t]V\ = since wtV C A — Q + . Choose r E Z such that v € V\[r] 
with v ^ 0. The defining relations of W(X,r) given in Lemma 12.31 imply that there exists a 
non-zero morphism W(X, r) — > V of objects of X gr which sends w\^ r — > v. In particular we 
have uv = for all u € Annu^w) w\ >r and the the lemma follows from Proposition 13.31 □ 

3.5. It is easily seen that setting 

(yw x )u = yuw x , y e\J(g[t]), u£U(f)[t]), 

defines a graded right action of U(f)[i]) on W(X, r). Hence we can regard W(X, r) as a graded 
right module for A A and in fact as a graded (g[t\, A A )-bimodule. In this language one has the 
following equivalent definition |15j (see also [21 Section 4.3]) of the W\ oc (X,r), namely: 

Wioc(A, r) ^ [t] W(X, r) ® Ax C A , (3.1) 

where C A is the one dimensional module obtained by going modulo the augmentation ideal in 
A\. The following is immediate. 

Lemma. Given A, fi € P + , the subspace W(X,r)^ is a graded A\-submodule ofW(X,r) and 
we have an isomorphism of (g,A\)-bimodules 

U(g)W(X,r)f ^V{fj,) ® c W(X,r) n +, 
U( 5 )^ loc (A,r)^ + * V(jjl) 0c (W(X,r)f ® kx C A ), 

which sends 

w — )• Vfj, (g> w, (resp. w — > w M ® (u; (g) 1)), to € W(A, r)^ . 
//ere we regard g as acting only on V(fi) and A A on W(X,r)" l h . 

□ 

Since W(X, r) is generated as a g-module by the spaces W(X, r)^ + , we have an isomorphism 
of (g, A A )-bimodules, 

W(X,r) = V(fj)®W(\,r) n +, (3.2) 
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and hence we see that 

ch gr TU(A,r) = W(W(\,r)f)ch g V(»). 

3.6. To determine the graded character of IU(A, r) we need the following result which was 
established in [H] for sfo, in [9] for sl r+ i, in [T8] for simply-laced g and in [26] in general. It 
can also be deduced from the quantum case through the work of [I], [22] and [55] . 

Theorem. Regarded as a module for A\, the global Weyl module W(A, r) is free of rank 
dim c Wi oc (A,r). □ 

We note the following corollary. 
Corollary. For /j, £ P + , the subspace W(X, r)J^ + is a free A\-module of rank dime W\ oc (X, r)^ + . 

Proof. Using (jl.ll) and (|3.2H we see that W(X, r)^ + is an A\ summand of W(X,r) and hence is 
a projective A A -module. Since A A is a polynomial ring it follows from the the famous result of 
Quillen (see [23] for an exposition) that VU(A,r)^ + is in fact a free A A -submodule of W(X,r). 

To determine its rank, let tt\ : W(X,r) —¥ Wi oc (A,r) be the canonical morphism of graded 
g[t]-modules sending w\, T — > w\^ r ® 1 where we use the equivalent definition given in (|3.1|) . 
Then, 7r x (W(X,r)f) = Wi oc (A,r)^ + and hence 

vk Ax W(X,r)f = dime W loc (X,r)f . 

a 



3.7. The following proposition determines the graded character of IU(A, r) in terms of the 
local Weyl module Wi oc (A,r). 

Proposition. For (A,r) € P + x Z, we have 

ch gr W(X, r) = ch gr Wi oc (A, r)M(A x ). 

Proof. Using [5l Proposition 11.4.7] we see that Corollary 13.61 implies that the A A -module 
W(X,r)™ is graded free. In other words, if we pick a graded basis of TUi oc (A,r)^ , then a set 
of graded pre-images is a graded basis for W(X, r)^ + as an A A -module. This implies that 

^dimIU(A,r)f [s]u s = ( ]T dim IU loc (A, r)f [s]u s ) M(A A ), 
sGZ Wz / 

and hence we get 

ch gr TU(A,r) = Y, C \ V M (EdimWi oc (A,r)f [s]uA H(A A ) = ch gr IU loc (A, r)H(A A ). 

□ 
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3.8. The graded character of the local Weyl module was computed in [9] for st r+ i and 
in [26] in general. We shall just give the result for s[ r +i since the general case requires the 
introduction of a number of ideas from the theory of crystal bases. 

Regard A = Yli=i r i UJ i € P + as an n-tuple of integers A = (n, • ■ ■ , r n ). Let £ = (£i > • • • > 
in+i > 0) be a partition of r\ = Y17=i Ti w ^ n a ^ most (n + l)-parts and let A A gtr(u) be the 
generalized Kostka polynomial defined in (2H III. 6]. Set fi£ = Yli=l(& ~~ £i+i) w «- 

Proposition. For A G P + we have, 

ch gr Wi oc (A, r) =u r ^2 K \,e r ( u ) ch V (^)> 

where the sum is over all partitions £ of r\ with at most (n + l)~parts. □ 

3.9. Assuming that Coni ecture 12 . 71 is true, we now compute the character of the projective 
module P(A, 0) in terms of the local Weyl module as follows. Using Proposition 13.71 we have 

ch gr P(A,0) = t P ( A '°) ■W( t M,s)]ch gr W(^s) 

(At,s)eP+xZ 

= [^Wa*, °) : V ( X ' a )K ch sr W(ji, 0) 

(At,s)eP+xZ 

= ]T ch gr ^(/i,0)]TA^ r (u)^ 
= ]T ch gr W(^0)K^ t r(u) 

fi£P+ 

= Yl ^ r (^)ch gr Wi oc (//,0)M(A /x ), 
M eP+(A) 

where P + (A) consists of fi G P + such that there exists = (£i > • • • > Cn+i) a partition of 
r M into at most (n + l)-parts and A = ^r=ite ~~ £«+i) w i- 

3.10. A simple consequence of the Poincare-Birkhoff-Witt theorem (see [U Proposition 
2.1]) is that we have an isomorphism of Z-graded g[t]-modules, 

P(A, r) ^ m U( fl ® tC[t]) ®c V(X, r). 

Here we regard U(g ® tC[t\) <g> V(X, r) as a g[t]-module as follows: 

j(x (g> <8) v, s > 0, 
1 [x, y] <8) u + y ® xw, s = 0, 

where x G g, y G U(g <g> iC[i]), s G Z + and v G U(A, r). In particular 

P(0,r) ^ fl[t] U( ®tC[t])®F(O,r), ch gr P(A, r) = u r ch g V(X) ch gr P(0, 0), 
and we get 

n r A^ r (n)ch gr Wi oc (^,0)H(A M ) = Yl u r K^tr(u)ch gt Wi oc (f,,0)ch s V(X)M(A fl ). 

MGP+(A) /iSP+(0) 



(x ® t s )(y <g> u) 
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3.11. By the Poincare-Birkhoff-Witt theorem we have an isomorphism of graded vector 
spaces 

U(fl®*C[t]) %®tC[*]), 

where for a vector space V we denote by S(V) the symmetric algebra of V. Consider now 
the special case when A = and g is 0I2. The preceding discussion, together with Theorem 1, 
proves the following: 

Theorem 2. Suppose that g = s^. Then, 

ch gr S(Q(g>tC[t}) = ^K 2mj{m > m) (u)K 2mii2m _ r > r) (u)U(A2 m )ch g V(2m-2r). 

r,m 

Considering the dimensions of the graded pieces on both sides, we have 
/ I \ dim s 

IT ( 1 _ u r ) = X]( 2m - 2r + 1) K 2m,{m>m) ( u ) K 2m,(2m-r>r) (u)U(A 2m ). 

r>l ^ ' r,m 

□ 



4. Examples of Modules admitting a Weyl flag 

In this section we give a non-trivial example of an object of X gr which admits a Weyl flag. 
We begin with the following remark. In the case of the BGG category O for g, it is relatively 
easy to produce examples of modules admitting a Verma flag. The standard example of such 
a module is the tensor product of a Verma module with a hnite-dimensional module for g. In 
the case of X gr such a statement is false. As an example, suppose that g is sl 2 and consider the 
tensor product V = W(w,0) (8) V(w,0). Suppose that V admits a Weyl flag. Since V^ w [0] 7^ 
and wty C {±2u, 0}, we see that W(2uj, 0) must be a sub-quotient of V. Using the results of 
Section [31 we get 

U(W(2oo,0) 2uJ ) = U(A 2u) ). 

On the other hand 

U(V 2uJ ) = U ((W(u, 0) ® V(oj, 0))2u,) = HK,). 

Since A 2w = Af 2 and A w = we get dimW(2u, 0) 2w [2] = 2 > dim T^[2]. This is clearly 
impossible and hence V does not admit a Weyl flag. 

4.1. Let 9 G i? + be the highest root of g and recall that 6 € P + . We shall prove, 
Proposition. For r £ Z, we have 

Ex^(T r C,W(e,r + l))^0. 
Corollary. We have a non-split short exact sequence of objects 

-> W(6, r + 1) -)■ P(0, r) 9 ->• r r C -»• 

in i/ie category I® . 



The proofs of the proposition and its corollary are given in the rest of this section. 



16 MATTHEW BENNETT, VYJAYANTHI CHARI AND NATHAN MANNING 

4.2. The structure of the local Weyl module W\ oc (9, 0) can be read off from the character 
formulae discussed in the previous sections. In this special case, they can also be found in 
[llj in the following explicit way. We have V(9) = g where we regard g as a module for itself 
through the adjoint representation. Let (•, •) be the Killing form on g. Then, 

W loc (6,0)[s] = 0, a > 2, Wi oc (0,O)[O] = fl g, Wi oc (9, 0)[1] ^ m nC, 

and the action of g ® C [t] is 

(x®t s )(y,a) = 0, s>2, (x ®t)(y,a) = (0,(x,y)), x(y, a) = ([x, y], 0). 

We remark for the reader's convenience that the element wgo is just x^ eg. As a consequence 
of Proposition 13.71 we get 

ch gr W(9,0) = ch gr Wi oc (9,0)U(A e ) = (c\V(9) + uch C)M(A e ). (4.1) 

4.3. Define the module W(9,0) G Z gr as follows: 

W(9,0) = Wi oc (9,0)®C[t] = (g0TiC)<g>C[£], 

with the g[t] action given by 

Or ® f)(y ® /, a ® (?) = (fx, y] ® t p /, 0) + r(0, (x, y) f~ l f) (4.2) 

where x, y G g, a G C, and f,g£ C[t]. Clearly, 

ch gr T?(0,O) = ch gr Wi oc (0,O)M(Ai). (4.3) 

Lemma. VFe Ziaue W(^,0) G ObX gr . Moreover it is generated by the element x~q ® 1 and 
hence is a quotient of W (9,0). Furthermore, if g is noi o/ iype j4„ or C n , i/ien 

j?(0,o) = w(9,o). 

Proof. The first statement is clear since 

wt(W?(#, 0)) = wt(Wi oc (0, 0)) = wt V(9) C9-Q+. 

Hence x\ + [t] xt = 0, and the second statement follows from the defining relations of W(9,0) 
once we prove that x~^ ® 1 generates W(9,0) as g[i]-module. But this is easily checked, given 
the explicit formulae in (|4.2[) . 

Suppose now that g is not of type A n or C n . Then 9 G {wj : i G 1} and hence Ag = Ai as 
graded algebras. Equations (|4.1|) . (|4.3|) imply that W(#, 0) and W(9,0) have the same graded 
characters and the final statement of the lemma is now immediate. □ 

4.4. The following lemma, together with Lemma 14. 3^ completes the proof of Proposition 
14.11 in the case when g is not of type A n or C n . 

Lemma. For r G Z, we have Ext^- e (r r C, T r+ \W(9, 0) ) ^ 0. 
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Proof. Define an action of g[i] on the direct sum of g-modules 

U = T r C®r r+1 W(e,0), 

as follows: T r+ iW(9, 0) is a g[t]-submodule of U, and the action of g[t] on r r C is given by 

(x ®t s )(a,0,0) = os(0,x®t' s " 1 ,0), s G N, x G g. 

A simple checking shows that this is indeed an action of g[t] and also that U is indecomposable. 
In other words, we have a non-split short exact sequence 

T r+ iW(6, 0) ->• [7 -> r r C ->• 0, 

and the lemma is proved. □ 

4.5. Let K be the kernel of the map P(0,r) d — > r r C — >• 0. To complete the proof of 
Proposition 14.11 and its corollary, we will prove that 

K^W(6,r + l), 

as objects of X gr . We begin with the following. 

Lemma. We have 

K = TJ(g[t])(x£ <g> t)p r , where p r = p ,r- 

In particular, there exists a surjective morphism tp r : W(6,r + 1) — > i"C — >■ of objects o/X gr 
with 1pr(^e,r+l) = { x t ® *)Pr- 

Proof. Since q p r = and P(0,r) e [r] = Cp r (see Lemma |2.2[) it follows that 

P(0,r) e = \J(g®tC[t])p r , K = U (g ® tC[t}) +Pr . 

The elements {x®t : x G g} generate 0(g) iC[i] as a Lie algebra and hence generate U(fl(g)iC[i]) 
as an algebra. Hence it suffices to show that 

(x ® t)p r G U(g[t])(x~Q ® i)p r , for all x G 0. 

Since 

y{x®t)p r = ([y,x] ®t)p r , x,y£g, 

it is enough to prove that the g-module (via the adjoint action of g) through {xt <8> t) is all of 
<g> i. But this is equivalent to the well-known statement [20] that Xg" generates the adjoint 
representation of g. Since wt K C 9 — Q + ', we see that n + [i]((x^ (8> = and hence K is a 
quotient of W(9, r + 1). 

□ 
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4.6. Suppose that g is not of type A n or C n , in which case we only have to prove Corollary 
14. 1L Consider the short exact sequence 

-> K -> P(0, r) 9 ->■ T r C 0. 
Since W(9, r + l)[r] =0 we have, 

Hom l6 (T r C,W(fl,r + l)) = Hom x e (P(0, r f , W(9, r + 1)) = 0, 
and since P(0,r) e is projective in I® T we get by using Lemma 14.41 that 

Hom X fl (K, W{9, r + 1)) ^ ExtL (r r C, W(0, r + 1)) ^ 0. 

Let 93 € Hom 5 [ t j(K,W(8,r + 1)) be non-zero. By Lemma H3J the element (xq <S> t)p r spans 
Kg [r + 1] and hence we may assume 

ip((xj ®t)p r ) = w e>r+1 . 

But now, tp r .(p : W(9, r+1) — > W(8, r+1) is a surjective morphism which splits since W(6, r+1) 
is projective (see Lemma f2. 10H in 2^ r . Since W(0, r + 1) is indecomposable it follows that tp is 
an isomorphism and Corollary 14.11 is proved in this case. 

4.7. To deal with the case when g is of type A n or C n , we need the following result which 
was proved in [21 Theorem 3]. In that paper it was shown that the space of all g[i]-maps (not 
just the graded ones) between global Weyl modules W(X, r) and W(/x, s) is zero for A 7^ \i 
when g is of type A n or C n . 

Lemma. Assume that g is of type A n or C n . Then, for r, s £ Z we have 

Rom x jT r C,W(9,s)) = 0. 
Further, any non-zero element of Homj gr (W(6, r), W(9, s)) is injective. 

□ 

4.8. Suppose now that g is of type A n or C n , in which case we shall prove Proposition 14.11 
and its corollary simultaneously. Consider the induced sequence 

-»■ Hom z9r (r r C, W(9,r- 1)) -> Hom J ^(7'(0, r) e , W(0, r - 1)) -»■ Hom z e (if, W(0, r - 1)). 

Lemma 14.71 and Equation 14.11 give 

Rom x e r (rrC,W(e,r- 1)) =0, [W(0,r-l)[r] : r r C] = 1, 

and hence we have W(9,r — l)[r]g + 7^ 0. The defining relations of P(0,r) show that 

Hom Ig9r (P(O,r) e ,VF(0,r- 1)) ^ 

which forces 

Hom Ig9r (K,V^(0,r- 1)) ^0. 

Let </? € Homje (K,W(9,r — 1)) be non-zero, in which case <p{{xq <S> t)p r ) 7^ 0. Then the 
composite map ip.ip r ■ W(0, r + 1) — > W(9, r — 1) is non-zero and hence injective by Lemma 
14.71 It follows that ip is injective, and hence, again using Lemma 14.71 that 

K ^1m<p^W(9,r + l). 
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5. Proof of Theorem 1: the first reduction 



The proof of Theorem 1 requires an explicit realization of the global Weyl modules and we 
begin this section by recalling this construction. We note here that it suffices, by application 
of the functor r r , to prove Theorem 1 in the case of P(£u), 0). 

5.1. Throughout the next two sections we will be working with 5(2 and we recall that 
we write for etc. We shall use without further mention the fact that in this case the 
Lie subalgebras t)[t] and n^ft] are abelian. The corresponding universal enveloping algebras 
are polynomial rings in the infinitely many variables {x^ <g> t s : s € Z + }. For s £ Z+, and 
r = (n, • • • ,r a ) € Z s + , set 

x± = (x ± ®t ri )...(ar fc ®i r ') 
The elements {x+ : r € Z^_} are a basis for U(n + [t]) SQ , where we understand x^ = 1 for 

rez°. 

5.2. Let e± be the standard basis for V(uS) satisfying 

x ± e± = 0, x ± e= F = e±, he± = ±e±. 

Given £ € Z + , define a structure of a (s^fi], -A^-bimodule on the space V(uS)® <g> Ag, by 
extending linearly the assignment, 

e 

(z <g> t r ).{v\ <g> ■ ■ ■ ® vg <g) /) = «i <S) • • • ® Vj-i ® (8) fj+i ® ■ ■ ■ <g> vt <8> tjf, 

i=i 

(ui <8> • • • ® ^ ® /).<7 = («i (8) • • • <8> «^ <8 /<?), 



where z € g, v s G V(w), 1 < s < f,gEAg and r > 0. 

The space (V(o;)® <S> 4g) inherits the grading on Ag, i.e., for an integer r, the r^-graded 
piece is (V(w)®^) <S> ^bj[ r ]- The following is trivial. 

Lemma. For all i € Z + we have V{uj)® 1 ®A t E Ob 2^ . □ 

5.3. The symmetric group SV acts on V(o;)®^ by permuting the factors in the tensor 
product. The induced diagonal action of Sg on V{oj)® <S> Ag commutes with the right action 
of Ag and 5(2 [t]. In particular, this means that {V(u) m ®Ag) s z G ObX gr . Recall from Section 
3 that 

= ^-g 1 i 

and hence W(£oj,r) is a right module for A/. The following was proved in [14] in the case 
that a = 1; the proof in the general case is identical. 

Theorem. The assignment wgp — > ef^ (8) a, a £ -A^j induces an isomorphism of graded 
(fl[t], Af* )-bimodules, 

W(£u,&a) = {V{u)® e ®&A e ) Se . 

□ 
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5.4. A much more general version of the following result was established in [21 Proposition 
6.1]. 

Proposition. Let v G (V(w)®* <g> Ag). Then 

(x+®C[t])v = ve(ef®4<). 

Together with Theorem 15.31 we have the following, 
Corollary. Let w G W(£u, 0). T/ien, 

0+ (8> C[t])to = id € VF(£u;, 0)^. 

5.5. Set e + A e_ = (e + 0e_-e_8 e + ) and for k G Z + , denote by (e + A e_)® fc the element 
(e+ <8> e_ - e_ ® e+)® fc of V{u) mk . 

Proposition. For m,k G Z + , £/ie assignment 

p m ,o^ef n 0(e + Ae_f ®1 

defines a homomorphism V>m,fc : P(mw, 0) — >■ y(o;)®( m + 2 ' c ) ® A m+ 2k of objects ofI gT . 

Proof. It is simple to check that 

h (e% m ® (e+ A e_)® fe ) = m{ef m ® (e+ A e_)® fc ), 

x+ (ef m ® (e+ Ae_fj =0. 

The proposition is now a consequence of the defining relations of P(muj, 0). □ 

Corollary. The map ^ m ,k induces a map ip^ : P(mu>, o)( m+2fc ) aJ — >■ V^(a;)®( m + 2fe ) ® A m+2 £ o/ 
objects oflg? 1 ^ . □ 

5.6. For i/ie resi o/ i/ie paper we fix m,k G Z + and set £ = m + 2/c. To simplify notation, 
we shall suppress uj; for example, we write P(m, 0)^ for ?(raw,0)' w . M^e shall also write p m 
forp mfi - 



Lemma. The subspace P(m,0)i is a left \)\t]-submodule of P(m,0) and is generated by ele- 
ments of the set {x+» m : r G Z^}. 

Proof. Since f) <g> C[t] is abelian it is clear that P(m, On is a f)[i]-submodule of P(m, 0) . It is 
also trivial to see that the elements x+p m G P(m, 0)^. Since 

uG(n-U( [i])) fea nG^U( [t])(U(n+[t])) ra , 

r>fc 

and wt P(m, 0) C £w — Q + , we see that 

u G (n~U(fl[t])) to up m = 0, 

and hence 

P(m,0)|= ]T U(h[t])x rPm , 

rGZ*; 
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thus completing the proof of the lemma. 
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□ 



5.7. For r € Z+, define elements p(r) € Ag by, 

p(r) = E (CH - £8) • • ■ (CIVi - 

Lemma. For r € Z+ and s £ Z+, we /jaue 

ifa(x r Pm) = ef p(r), ® t s )x r p m ) = ef p(r)(tf + • • • + tf ). 

Proof. The lemma is proved by a straightforward calculation. We illustrate this in the case 
fc = 1. Thus for r 6 Z + , we have 

(x t r ){e% m (e+ ® e_ - e_ ® e+) <8> 1) = ef m (e+ e+ C +1 - e+ ® e+ ® C +2 ) 

_ ®(m+2) /.r _ ,r \ 



as needed. 



□ 



5.8. Let Mk,e be the ^4^-submodule of Af_ generated by the elements {p(r) : r € Z^}. 
Then Lemma 15.61 and Lemma 15.71 together yield, 

</4(P(m, 0)|) = ef ®M M . (5.2) 

The module was studied in [10], Theorem 1] where the following result was established. 

Theorem. We have an isomorphism of graded A^-modules 

where we recall that m = I — 2k. In particular, M^/ has an A J basis consisting of graded 
elements {ai, • • • ,ajv} where N = dime W\ oc (£, 0)^ and the number of basis elements of a 
fixed grade s is [Wi oc (^, 0) : V(m, s)]. □ 

5.9. Assume now that we have fixed a basis {ai, • • • , a^v} of M^t as in Theorem 15.81 and 
let gra r be the grade of a r , 1 < r < N. 



Proposition. The Q[t]-submodule W(£) of V{oj)® 0A% which is generated by elements of the 

N 



set {e^ e p(r) : r G Z^j_ } is an object o/I gr and 



W(£) = 0W(£,gra r 



r=l 



Proof. The elements p(r) are graded elements of An which shows that the g[t]-submodule 
generated by the elements {e2 <g> p(r) : r £ Z+ } is a graded submodule of V(u))^ An and 
hence an object of X gr . For 1 < r < N, the elements e®^ <8> a r satisfy the defining relations of 
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^,gra r - Since these elements have the same grade, this proves that there exists a surjective 
map of graded g[t]-modules 

N 

7r:0W^,gra r )^WW, w £}g[SLr -> ef ® a,, 1 < r < N. 

r=l 

We now prove that ir is injective. Since wtker7r C £ui — Q + it follows that there must exist 
w = (wi, • • • ,wn), w r G W(£, gr a r ) with 

tt(w) = 0, (s+ g> C[t])w = 0. 

Hence (x + (g> C[t])«v = for all 1 < r < N. Using Proposition 13.31 and Corollary 15, 4\ we 
see that w r G W(£, gra r )^ for all 1 < r < N, i.e., we can write w r = h r ^ igrar ., for some 
K G U(rj[tj). This gives, 

N N N 

= 7r(w) = ^ Tr(w r ) = ^2 h r (ef e <g) a r ) = ef £ (g) ^ b r a r , 

r=l r=l r=l 

where h r (ef e ® 1) = ® b r , for some b r G Af*, 1 < r < N by Lemma [5771 Theorem [5751 
implies that b r = and hence h r (e? <8> 1) = for all 1 < r < N. Now using Theorem 15.31 we 
conclude that 

W r = h r W£ tgrar = 0, 

and so w = 0. This proves that ker n = {0} and completes the proof of the proposition. □ 
Equation (|5.2p implies that 

W(e)=^i(\J(g[t])P(m,0)i). 

Corollary. There exists an injective map of g[t] -modules i : W(£) — > P(m,0) such that 
ipm' b = id. More explicitly, l(W(£)) is a summand of the Q[t] submodule of P(m, 0) generated 
by P(m, O)^ and we have 

U(fl[t])P(m,0)| = t(W(^))®K, 

for some K G Xfr. 

gr 

Proof. Since W(-^, s) is projective inXg", it follows from Proposition l5.9l that W(£) is projective. 
The corollary is now immediate. □ 

5.10. Let <p£ : P(m,0Y —> P(m,0Y~ 2 be the canonical map of graded modules. We shall 
prove, 

Proposition. For £ = m + 2k, we have 

kei<p e = iW(f), 
and hence we have a short exact sequence, 

N 
r=l 
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5.11. Proof of Theorem 1. Assume Proposition 15.101 Set 

T k = {(m + 2i - 2)u : < i < k}, P k = T k P(m, 0) = ker (p(m, 0) — ► P(m, o) m + 2fc " 2 ' 

Proposition 11.61 gives, 

P k /P k+1 = T k P(m,0)/F k+1 P(m,0) F k P(m, 0) m+2k . 
It is clear that an equivalent reformulation of Proposition 15.101 is that 

N 

r,P(m,Or +2fc ^0^,gra r ). 

r=l 

To complete the proof of Theorem 1 , we must show that 

f\Pk = {0}. (5.3) 

fc>0 

It clearly suffices to prove that 

P k [s] = 0, s<k. (5.4) 

For this, recall from Section [1.61 that 

P k = T k P(m, 0) = ^2 U(0W)P(m, 0) m+2r . 

r>k 

Since P(m, 0) m +2r C U(g[t]) ra p m , and x + p m = 0, we see by using the Poincare-Birkhoff-Witt 
theorem, that 

rPm- 

reN r 

Since x+p m € P(m, 0)[j] for r € N r and j > r, we see that 

P(m,0) m+2r C0P(m,O)[j] 

and hence Equation 15.41 is established. 

5.12. To prove Proposition 15.101 note that by Corollary 15.91 we have, 

P(m, 0)| =(tW(e)) e K,, (5.5) 

as f)-modules. The proposition follows if we prove that = 0. We begin by noting that 
Lemma 13.41 implies that each of the subspaces in (|5.5[) is a module for Ag 1 and hence (15. 5 p is 
an isomorphism of A^-modules. Moreover we have an isomorphism, 

N N 

L(W(£))t = (W(£,gi ar )) e = 0r r Af , 

r=l r=l 

of ^/-modules, where T r Af e is the regular representation of A^ £ shifted by grade gra r . Hence 
t,(W(£))g is a free A^-module of rank N. 

Let Ci be the one dimensional ^4^-module obtained by going modulo the augmentation 
ideal in A £ e . Prop osition 1 5 . 1 1 is now clearly a consequence of, 
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Proposition. We have 

dim c (P(m,0)^ ® A st C t ) <N, N = [W loc (£,0) : V(m)] = ^ [^loc(^O) : V(m,s)). 
1 sez+ 

In particular, regarded as a right module for A/, we have that P(m, 0)| is generated by at 
most N elements. 

Observe that this proposition is clear in the case that I = m, and so the rest of the paper 
is devoted to proving the proposition (and hence Theorem 1) when £ > m. It is helpful to 
recall here that the Kostka polynomials involved in the case of SI2 are given explicitly by the 
following, 

K / \ M« ! 

where for an integer n we denote by 
1 - u n 

[n] u = -: , [n] u \ = [n] u [n - l] u • • • [2] u , n € Z+, [n] J = 0, n < 0. 

1 — u 



In particular, this means that 

'I 



k \k 

GZ 



6. Proof of Proposition 15.121 

We need two key ingredients for the proof: a result which identifies the local Weyl module 
with a quotient of U(n~[t]) established in |14j and an important identity established by H. 
Garland in [19\ Lemma 7.5]. We use freely the notation of the preceding sections. Thus, 
k,m € Z + are fixed and we set I = m + 2k. In addition, give any power series S(u) with 
coefficients in some algebra A, we let S(u) r be the coefficient of u r in 5. Moreover for a £ A 
we set 

n! 

Finally, given any subset 5 of ^4 we denote by (5) the left ideal of A generated by S. 
6.1. Define formal power series in an indeterminate u with coefficients in U(g[i]), by 

x ± (u) = J2( x± ® *V> = Z)( a± *V +1 , 

t>l t>0 

0+/ n I sr^ h ® ti i 

P + (u) = exp - 2^ — : — u 

\ »>1 * 

Recall that U(n ± [t]) is the polynomial algebra in the variables {x^ (£>t s : s € Z + } and define 
ideals /(^) ± by 

/W ± = (X ± (n)«:r>l, S >^+l). 
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The adjoint action of f) on U(n ± [t]) preserves I(^) ± and it is simple to see that 

I{t)% ka = span {X ± (n)Mx r ± : r G Z k + ~ r , 1 < r < k, s > £ + 1}, 

where for any p G Z + and r = (r\, . . . , r p ) G Zj_, we recall that 

x ± = ( s ± <g> t n ) ■ ■ ■ (sc* ® f) G U^i]). 

Regard U(n~ [t]) as a module for itself via left multiplication and as a rj-module via the adjoint 
action. The following is proved in [141 Lemma 6.4]. 

Proposition. The assignment u i— > u(wifi(S>l) defines a map of \)®n~\t]-modules, U(n _ [t]) — >• 

Wioc(^jO)) and induces an isomorphism 

\J{xC[t])/I{l)- * W loc (£,0), (U(n- [*])//(£)") _ fcQ = Wioc(^,0) TO . 

Moreover, 



dime U(n" [t])/J (/)" = 2«, dime {\l{xC[t))/I{t)-)_ ka = (J. (6.1) 

□ 

We now prove, 

Corollary. The map u i— > (x~ £3 l)u /rom U(n~[i]) — >■ U(n~[t]) induces an injective map of 
vector spaces (U(n-[t])/I(£)-)_ (k _ 1)a -> (U(tl-[*])//(£)-)_ fca . 

Proof. The only statement of the corollary which is not immediate is that the induced map 

(U(n-[i])/I(fT)_ (fe _ 1)Q -4 (U(n-[t])//(l)-)_ ta 

is injective. To prove this, it suffices to show that the map (x~ <g> 1) : W\ oc {£, 0) m +2 — > 
W^ioc(^) 0) m is injective. But this is clear since m + 2 > and Wi oc (^, 0) is a finite-dimensional 
s^-module. □ 

6.2. The following is a reformulation of a result of H. Garland. In the current form it 
can be obtained from [141 Lemma 1.3] by applying the anti-automorphism of g[t] which sends 
x + ®t s i-> x~ ®t s ,h<3t s h-> h®t s for all s G Z+. 

Lemma. Let s > r. T/ien 

(z+ t)W(ac-)W = {-l) r (P + {u)X + {u)^) s + X s>r . 

= (-irx(n)( s - r )+ J ff s , r .+x s , r , 

w/iere X s>r G (U(fl[t])( a _ r+1 ) a ) and i7 s>r G (f) <g> iC[i])U(f) (g) iC[i] n + [t]) (s „ r)a . □ 
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6.3. For the rest of the section we set 

P oc = P(m,0)i® A s £ C t . 

Lemma. As a vector space P\ oc is spanned by the elements {x+(p m 1) : r £ Z^ }. 

Proof. Recall from Lemma [5. 61 that P(m, 0)^ is generated as a left f)[£]-module by the elements 
x+p m , r G Z?f. Applying Lemma I3T41 to P(m, 0) we see that P(m, 0)| has the structure of a 

C 

right Af -module given by, 

va = h.v, v€P(m,0) e e , heU(J)[t]), aeif. (6.2) 
Hence Pi oc is spanned by the elements x^"p m 01, r 6 Z+ as required. 

□ 

6.4. 

Proposition. Let < j < k and set p = k — j and q>m + k + j + l. Then 

I + (4 p) x+( Pm ®l) = 0, forallr€Z J + . (6.3) 

Proof. Since i + x^p m = we have 

(2 .- r +2 J+ l x + pm = Q 

Using Lemma 16.21 with s = q and r = q — p, we get, 

= (x+ © t)W(x-)( m+2 ^ +1 )x+p m = (-l)^A»<f)x+ Pm + ux+p m + u'x+p m , 
where it G (fj (8) iC[i])U(fj (g) tC[t] ®n + [t]) pa and u' G (XJ (Q[t]) (p+1)a ) . Writing 
u = ^2(h <g> t s )u s , u s € U(f) <g> iC[i] © n + [t]) pa , 

S>1 

we get by using Lemma [3~il and (|6.2p that, 

ux£(p m ® 1) = UsX^Pm ® symm(/i <g> i s ).l = 0. 

S>1 

Further, since u' G (U(g[i])( p+1 ) a ) it follows that u'x.£(p m ® 1) = and hence finally, we have 

X + Wfx r + ( Pm ®l) = 0. 

□ 

Let C/fc be the vector space quotient of U(n + <8> tC[t])k a by the subspace spanned by the 

elements of the set {X + (u)[ k x+ : r 6 N J , < j < k, q > m + k + j + 1} or, equivalently, 

the set of elements {X + (u)^x+ : r G N fc ~ p , 0<p</c, p + q > £ + 1}. The following is 
immediate. 

Corollary. The linear map U(n + ®tC[t])k a —> P\ oc given by x+ t— > x+p m , r G N fe is surjective 
and induces a surjective map — > P\ oc - Q 
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6.5. Using Corollary EU we see that Proposition 15. 121 is established if we show that 

dimc^Q-Q^). (6.4) 

For this, we proceed as follows. Set 

J(£)+ = (X+(u)W : p + q>£ + l) cU(n+[t]). 

Clearly J{£) + is preserved by the adjoint action of f) and we have an isomorphism of vector 
spaces 

U k U(n+ ® *C[t] WJ(£)+ Q (U(n+ ® tC[t])/J(*)+) to . (6.5) 
It is now clear that the following proposition establishes (16. 4h . 

Proposition, (i) The algebra homomorphism (p : U(n + [i]) — > U(n + ®iC[t]) given by sending 

x + ® 1 i-> 0, x + ® i s h-> x + (8) t s , s > 1, 
induces a short exact sequence of algebras 

-> (x+ ® 1, J(£) + )//(£)+ -> U(n + [£])//(£)+ -»• U(n + ® tC[t])/J(^) + -> 0, 
and hence also a short exact sequence of vector spaces, 
-> «x+ ® 1, J(i)+, >//(/) + ) te (U(n+[t])/J(^)+) feQ -4 (U(n+ ® tC[t])/J(/)+) te 0. 
(m,) W^e have, 

dim c (U(n+[t])//(£)+) te = Q, dime «x+ ® 1, J(l)W) fa > f^)- 

Proof. We first prove that C (x ® 1, J{£) + ). For this, write 

X+{uf q+p = {x + ®l+X + (u))l 
and use the binomial expansion to conclude that 

X£(u) p q E(x®l,J(£) + ), q+p>£ + l. 

Moreover, we also have 

<p(X+(u)*)=X+(uf q _ p eJ(£)+, if q>£ + l, 
and hence we have an induced map of algebras 

(p : V(n + [t])/I(£) + -> U(n+ ® tC[t])/J(£)+ -> 0. 

Suppose that <p(u) € J(£) + for some it € U(n + [t]). Since ip(x ® 1) = and the restriction of 
<p to U(n + ® iC[t]) is the identity, we see that u £ J{£) + ■ It follows that the kernel of (p is 
precisely (x ® 1, J{£) + ) and the proof is complete. 

To prove (ii) we use Proposition ^. 11 Since the map a; ®t s — > x^<S>t s induces an isomorphism 
of algebras, 

U(n + [t])-U(n-[t]), I(£)+^I(£)-, 
we get from @U that dim c (U(n+[i])/I(£)+) feQ = 
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Consider the algebra homomorphism ip : U(n + [i]) — > U(n + [t]) which is given by left multi- 
plication by (x <8> 1). Clearly 

V (\J(n + [t]) ra ) C U(n + [t]) {r+1)a , r e Z, C I(£) + , 

and hence we have a map 

Vi:U(n + [t])//(£) + ^U(n + [t])//(£) + , 

and in fact 

^(V(n + [t])/I(£) + ) (r _ 1)a c «x® 1, J(£) + )/J(£) + ) ra . 

By Corollary 16.11 the restriction of ^ to (U(n + [t])/I(^) + ) ( - fc _ 1 ^ Q is injective and hence using 
(16, ip again, we get 

dim c ({x+ ® 1, J(^) + )//(£) + ) fca > dim c (U(n + [t])//(£) + ) (fc _ 1)Q = 

and part (ii) is proved. 

□ 



G-0 
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